We numerically investigate the second harmonic generation from different plasmonic systems and evidence the key role played in their nonlinear response by the phase at the fundamental wavelength. In the case of a single plasmonic nanorod, the interference between the second harmonic dipolar and quadrupolar emission modes depends on their relative phase, which is deeply related to the excitation wavelength. The knowledge obtained in this simple case is then used to describe and understand the nonlinear response from a more complex structure, namely a gold nanodolmen. The complex phase evolution associated with a Fano resonance arising at the fundamental wavelength enables dramatically modifying the second harmonic emission patterns from plasmonic metamolecules within minute wavelength shifts. These results emphasize the importance of the phase in the nonlinear optical processes arising in plasmonic nanostructures, in addition to the increase in conversion yield associated with the excitation of localized surface plasmon resonances. 
Introduction
Plasmonic nanostructures play a key role in nanophotonics thanks to their unique optical properties [1, 2] . Indeed, an exceptional physical phenomenon can be observed in metallic nanoparticles, which corresponds to the collective oscillation of the conduction electrons i.e. localized surface plasmon resonances [3] . These resonances result in unique optical properties, especially the localization of light in a nanoscale volume, making them instrumental for the development of applications in nanophotonics [4, 5] . The coupling and hybridization between plasmon modes is a widely used technique for designing their intrinsic properties, e.g. the resonant wavelength [6, 7] . In this framework, Fano resonances have been widely investigated, since they offer more possibilities for tailoring the spectral response of plasmonic systems [8, 9] . For example, Fano resonances have been observed in various coupled metallic nanostructures, composed of either nanodiscs or nanorods [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . Beside these experimental observations, specific theoretical models have been proposed, deriving the asymmetric lineshape of Fano resonances from the coupling between optically dark and bright modes [22] [23] [24] . Due to the coupling between plasmonic modes with different radiative properties, Fano resonances allow a subtle control of the near-field distribution close to plasmonic nanostructures [8, 9] . One the other hand, the coupling between bright modes can also produce Fano resonances [25, 26] . In parallel to this investigation of the linear optical properties of plasmonic nanostructures, more and more of the published studies discuss their nonlinear optical properties [27] . Among all the different nonlinear optical processes, second harmonic generation (SHG), has been extensively studied, due to its interesting symmetry properties [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] . Both centrosymmetric and non-centrosymmetric metallic nanostructures have been investigated and the influence of the nanoparticle shape and retardation effects have been discussed in details [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] . Several studies have been performed on single metallic nanostructures, demonstrating that the conversion yield is high enough for the development of practical applications ranging from shape characterization [40] [41] [42] [43] to nonlinear imaging [44] [45] [46] and the determination of the surface plasmon resonance properties [47] [48] [49] . In regards to the development of practical applications, it is also important to increase as much as possible the nonlinear optical conversion at the nanoscale. To reach this goal, multiresonant plasmonic nanostructures, optimizing both the interaction with the pump beam and the radiation of the nonlinear signal, were proposed [50] [51] [52] [53] . However, so far only the influence of the intensity on the nonlinear conversion in plasmonic structures has been discussed, while the role played by the phase in their nonlinear response has been sparsely investigated in the literature [28] . In this article, we address this issue and study the influence of the plasmonic phase on the SHG from a single gold nanorod and a gold nanodolmen composed of three nanorods that support a Fano resonance.
Numerical method
The linear optical responses are calculated using a surface integral equation formulation (SIE) [54] . A plane wave polarized along the x-axis and propagating along the z-axis is considered throughout this work. All the nanostructures are assumed in vacuum and the dielectric constant for gold are given by the Drude model at the fundamental wavelength and taken from experimental data at the second harmonic (SH) wavelength [55] . In the Drude model, the permittivity of gold is given by:
where the Drude parameters are chosen to reproduce the experimental data of Johnson and
Christy ( ε ∞ = 9.5, p ω = 8.95 eV, and γ = 0.0691 eV) [56] . This choice is motivated by the necessity to include the contribution of the interband transitions to the dielectric constant at the SH wavelength and to ease comparison with our previous discussion on the charge distribution in plasmonic nanoparticles [57] . In the SIE for surface SHG computations, the expansion of the linear electric and magnetic surface currents on Rao-Wilton-Glisson (RWG) basis functions is used for the evaluation of the fundamental electric fields just below the gold surfaces, as required for the calculation of the surface SH polarization [54, 58] . Only the component , χ ⊥ ⊥⊥ of the surface tensor (where ┴ denotes the component normal to the surface)
is considered here since recent experimental results indicate that this term dominates the surface response of gold nanoparticles [59] . It is worth to note that other contributions to the SH signal are theoretically allowed but these other terms contribute only weakly to the total SH wave [59, 60] . Furthermore, the present work is focused on the influence of the phase at the fundamental wavelength on the SH emission patterns and the mechanisms discussed in this article are expected to be valid for the other nonlinear sources. In order to satisfy the boundary conditions at the nanostructure surfaces for the SH fields, a Poggio-Miller-ChangHarrington-Wu-Tsai formulation, including the nonlinear polarization, is derived [53, 55, 61] . The SH surface currents are then expanded on the same RWG basis functions and the expansion coefficients are found by the method of moments including Galerkin's testing [54, 58] . Both the SH near-field and far-field distributions can be directly computed from the SH surface currents using a two-term subtraction method for the evaluation of the Green's function [54, 58] .
Results and discussion

Gold nanorod
The first nanostructure considered in this work is a 120 nm long gold nanorod with a 40 nm x 40 nm square cross section. All the edges and the corners have been rounded with a radius r = 5 nm to match fabricated structures better [62] . Both the amplitude and the phase of the longitudinal dipolar moment of the gold nanorod induced by the incoming planewave are shown in Fig. 1(a) as functions of the incident wavelength. The phase of the dipolar moment is defined relatively to the phase of the incident planewave. The amplitude of the dipolar moment is maximal for an incident wavelength close to λ = 652 nm corresponding to the excitation of the longitudinal localized surface plasmon resonance of the nanorod. In addition to the amplitude of the response, the surface plasmon resonance also modifies its phase, as well known in physical resonant systems [63] . For an incident wavelength longer than the resonant wavelength, the plasmonic response is in-phase with the excitation. However, for an incident wavelength shorter than the resonant wavelength, the plasmonic response is out-ofphase with the excitation. To illustrate this point, the normalized real part of polarization charge distribution on the nanorod surface is shown for incident wavelengths longer and shorter than the resonant wavelength of the longitudinal dipolar plasmon mode, see Fig. 1(b) where a clear reversal in the charge distribution is visible. The influence of the phase on the linear response of plasmonic systems is often not considered, in particular, because optical detectors are sensitive only to the light intensity, not to its phase. However, in the following, we demonstrate that the linear phase plays a dramatic role in the nonlinear optical conversion and can greatly modify the prediction based only on the amplitude of the fundamental electric field [64] . To investigate the role of the phase in the nonlinear generation of light in plasmonic nanoparticles, the SHG from the gold nanorod discussed previously has been computed using the SIE method described in the numerical method section. Note that the influence of the nanorod aspect ratio and shape on the SH intensity has been investigated previously [65] [66] [67] [68] . The 3D SH emission patterns have been evaluated for incident wavelengths ranging between 517 nm and 775 nm as shown in Figs. 1(c)-1(f) , where each pattern is normalized to its maximum. Note that a maximum of the total SHG (integrated over a 10 μm sphere) is observed close to the maximum of the linear dipolar moment. The investigated spectral range covers the π-phase shift through the longitudinal localized surface plasmon resonance. As expected for a centrosymmetric nanoparticle, the SH intensity vanishes in the forward and backward directions for all the evaluated emission patterns [69, 70] . Note that, despite the fact that the nanoparticle geometry is kept constant, the SH emissio n pattern evolves dramatically with the incident wavelength; underlining that the nanoparticle shape is not the only important parameter in the nonlinear response of a plasmonic system. In order to determine what parameters influence the SH emission pattern, the SH nonlinear polarization has been evaluated on the surface of the gold nanorod, see Fig. 2 . Quite surprisingly, except for the shortest incident wavelength (λ = 517 nm), the normalized surface nonlinear polarization distribution is the same for all the incident wavelengths, with the nonlinear sources very strong close to the nanorod corners. This result clearly indicates that the evolution of the SH emission pattern is not induced by a change in the spatial distribution of the SH sources over the nanoparticle surface, as observed recently in Fano resonant metamolecules [43] . At this point, the only parameter that could explain the evolution of the nonlinear response is the phase of the nonlinear surface polarization, which is deeply related to the phase of the localized surface plasmon resonance as shown in the following.
Before discussing the role of the phase in detail, it is useful to recall important properties of the SHG in centrosymmetric nanoparticles [69, 70] . Indeed, SHG is forbidden in a centrosymmetric nanoparticle (composed of a centrosymmetric material and with a centrosymmetric shape, such as the gold nanorod discussed here) in the electric dipole approximation. As a first consequence, higher order modes i.e. quadrupolar modes must be involved in the description of SHG. The most efficient mechanism for a dipolar SH emission is the E 1 + E 2 → E 1 mechanism [69, 70] . We use here the standard notation where the two terms on the left of the arrow refer to the nature of the two exciting fundamental modes whereas the right term describes the SH emission mode. Explicitly, this mechanism corresponds to a dipolar emission E 1 arising from the combination of an electric dipolar E 1 and an electric quadrupolar mode E 2 , see Figs. 3(a) and 3(b) . To understand the schematic charge distributions in this figure, recall that the charge distribution corresponding to the SH mode is obtained by multiplying the charges for both fundamental modes, as it is the case for the fundamental electric field in the computation of the nonlinear polarization. For example, in Fig. 3(a) , the negative charge in the top left corner of E 1 is multiplied with the negative charge in the top left corner of E 2 , producing the positive charge in the corresponding location for the SH mode E 1. The E 1 + E 1 → E 1 mechanism, i.e. the lowest order mode of the SH emission, is forbidden here because we consider a centrosymmetric system and this mechanism would not preserve the overall parity of the SHG process. To exist, the SH dipolar emission requires a retardation effect at the fundamental frequency, which can be obtained by the introduction of the quadrupolar mode. On the other hand, the quadrupolar mode for the SH emission can be excited without retardation effects at the fundamental frequency, neglecting the spatial variation of the incident planewave, since this mode arises from the E 1 With these mode combinations in mind, it is now easier to examine why and how the linear phase modifies the SH emission pattern. To make this process even simpler, the 3D SH emission patterns have been reduced to 2D polar plots, corresponding to the SH emission in the (O, x, z) plane, where z is the propagation direction of the incident wave and x the direction of the incident electric field. Note that the SH multipolar emission can be easily analyzed by looking at specific directions only, since the electromagnetic fields associated with the different multipoles interfere destructively or constructively when the scattering angle varies [33] . The corresponding 2D emission polar plots are shown in Fig. 2 . As observed in the case of the 3D emission patterns, the 2D polar plots clearly reveal the evolution of the nonlinear response with the incident wavelength. For the shortest wavelength, a two-lobe pattern pointing toward the -z direction is observed, corresponding to SH emission in the backward direction. For the longest wavelength, the same pattern is observed but pointing toward the + z forward direction. On the contrary, a four-lobe pattern is observed for incident wavelengths close to the resonance wavelength. This evolution is easily explained by considering the linear phase as well as the two SH emission channels discussed previously, see Figs. 3(c) and 3(d) . Indeed, the SHG from the gold nanorod can be decomposed into a dipolar and a quadrupolar emissions, the relative phase of which depends on both the observation direction and the linear plasmonic phase. However, the latter quantity does not modify the two emission channels in the same manner. Naturally, the quadrupolar emission arises from E 1 + E 1 → E 2 while the dipolar emission arises from E 1 + E 2 → E 1 , and the fundamental dipolar mode is involved one or two times at the fundamental step. As a consequence, the dipolar and quadrupolar modes are in-phase (out-of-phase) for an incident wavelength longer (shorter) than the resonant wavelength in the + z half-plane. The opposite behavior is observed in the -z half-plane, see Figs. 3(c) and 3(d) . Interestingly, in the intermediate case (incident wavelength close to the resonant wavelength), the SH intensity tends to be the same in both half-planes and a pattern with four lobes is observed, Fig. 2(c) . Note that a symmetric pattern with four lobes of the same intensity is also possible at specific incident wavelengths. These results clearly demonstrate the role of the phase in a single (uncoupled) nanoparticle. In the following, we show that some of the observed features are also present in complex Fano resonant nanostructures, namely gold nanodolmens. 
Gold nanodolmen
The plasmonic dolmen studied here is composed of three gold nanorods [15] [16] [17] , identical to the one studied in the previous section (dimensions: 120 nm x 40 nm x 40 nm). Two nanorods are parallel to each other and the third nanorod is perpendicular to them, Fig. 4 . The incident planewave is polarized along the latter nanorod (x-axis). The dipolar moments of the horizontal nanorod and of the left vertical nanorod have been computed along the x-axis and along the y-axis, respectively, as a function of the incident wavelength, Figs. 4(a) and 4(c) . Contrary to the case of a single nanorod, the amplitudes of the dipolar moments do not correspond to a Lorentzian function but reveal asymmetric lineshapes characterized by two maxima. These lineshapes, which are different, are typical features of Fano resonances [10, 11] . In the present case, the Fano resonance arises from the interference between a dipolar bright mode, supported by the nanorod aligned along the x-direction, and a dark quadrupolar mode, supported by the two parallel nanorods [15] [16] [17] . This quadrupolar mode corresponds to two out-of-phase dipoles supported by each of the parallel nanorods. Due to this interference between the two modes, the evolution of the phase of the dipolar moments with the incident wavelength is not anymore a monotonous function, but a fast variation is clearly observed close to the Fano resonance, leading to local maxima and minimum for the dipolar moments around the Fano dip (about λ = 670 nm). Having determined the linear response of the gold dolmen, we turn our attention to its SHG. Figures 4(e)-4(h) show the SH emission patterns computed for four distinct incident wavelengths, covering the spectral range of the Fano resonance. The results reveal that the SH emission pattern dramatically depends on the incident wavelength, even more than in the case of a single nanorod. This observation is attributed to the non-centrosymmetric shape of the gold dolmen, which results in a low number of symmetry planes and less restrictive rules determining the direction of the maximal SH intensity. It is interesting to see that a 20 nm wavelength shift close to the Fano dip is able to completely flip the direction of the maximal SH intensity, compare panels (f) and (g) in Fig. 4 , while the same flip requires a larger wavelength shift for a single nanorod, see Figs. 1(c) and 1(e). This effect is also visible in the SH electric field close to the gold dolmen. The comparison between the two panels in Fig.  4(d) clearly reveals that the SH electric field close to the vertical nanorods flips, although this is not the case close to the horizontal nanorod. Note that the SH electric field has the same phase close to the two parallel nanorods as reported for split ring resonators [72, 73] . In order to understand this dramatic evolution of the nonlinear response, we have decomposed the total SH emission into the contributions of its constituting elements, the two parallel nanorods and the horizontal one, following a numerical procedure previously developed for the investigation of the nonlinear mode coupling in the SHG from double resonant nanoantennas [74] . In this approach, the SH sources standing at the surface of the considered nanoparticle are conserved and the ones standing at the surface of the other nanoparticles are removed. The SH emission patterns in the (O, x, z) plane are shown in Fig. 5 for an incident wavelength ranging from λ = 629 nm to 775 nm. For the longest wavelength (λ = 775 nm), the complete gold dolmen, the nanorod along the x-direction, and the two parallel nanorods have the same SH emission patterns, Fig. 5(d) . The SHG from the two parallel nanorods is low in this specific case since the coupling between the bright and the dark modes is weak at this wavelength, as revealed by the nonlinear surface polarization, top panel in Fig. 5(d) . The observed emission pattern also corresponds to the one observed for a single nanorod for the same incident wavelength, see Fig. 2(e) , emphasizing that the phase results in identical features in distinct plasmonic systems, at least in the weak coupling regime. The same observation is made at the shortest wavelength (λ = 629 nm). This is not surprising because, for this wavelength, the mode coupling at the fundamental wavelength is also weak. For intermediate wavelengths, the SH sources are distributed over the entire gold dolmen, see Figs. 5(b) and 5(c). As a consequence, the total SH emission and the contribution from the top nanorod are not identical in this spectral range, and the total emission patterns cannot be assigned to a reduced number of nanorods in this case. However, the interference between the nonlinear emissions from the different nanorods is responsible for the substantial tuning of the nonlinear response for incident wavelength close to the Fano dip. Indeed, the interference between the emission from the different SH sources is a physical process very sensitive to the evolution of their relative phase.
Conclusions
In summary, we have numerically studied the SHG from a single gold nanorod and from a Fano resonant metamolecules composed of three nanorods arranged in a dolmen structure. The results emphasize the important role played by the linear phase in the nonlinear response of the system. Indeed, the interference between the SH modes supported by the system depends on their relative phase, which is deeply related to the phase of the linear modes. This has important implications for experiments, because the SHG can be suppressed in the direction in which the nonlinear signal is recorded, despite an overall strong SHG. Furthermore, the complex phase evolution associated with a Fano resonance arising at the fundamental wavelength enables controlling the SH emission patterns from plasmonic metamolecules over a narrow spectral range with a very good precision. This will be useful for the design of nonlinear plasmonic metasurfaces with new functionalities [75] [76] [77] . For example, this property can be exploited in the fabrication of nonlinear plasmonic color routers pumped with ultrashort, spectrally broad, femtosecond pulses resulting in the scattering of the different spectral components of the SH wave in distinct but well-controlled directions [78] , extending plasmonic color routers to the nonlinear regime [79, 80] .
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